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abstract 

We compute the elliptic genera of two-dimensional TV = (2, 2) and M = (0, 2) gauged linear 
sigma models via supersymmetric localization, for rank-one gauge groups. The elliptic 
genus is expressed as a sum over residues of a meromorphic function whose argument is the 
holonomy of the gauge field along both the spatial and the temporal directions of the torus. 
We illustrate our formulas by a few examples including the quintic Calabi-Yau, M = (2, 2) 
SU(2) and 0(2) gauge theories coupled to N fundamental chiral multiplets, and a geometric 
J\f = (0, 2) model. 
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1 Introduction and summary 

In the last few years we learned how to compute the partition function of various super- 
symmetric theories on products of spheres via localization^ The simplest of all cases is a 
two-dimensional supersymmetric theory on the torus S 1 x S 1 . The aim of this paper is to 
find a formula for the partition function of the system, which is called the elliptic genus, 
when the theory has M = (2, 2) or M = (0, 2) supersymmetry. Recent developments in 
localization computations were partially based on an improved understanding of rigid su- 
persymmetry on curved manifolds, with spheres as prime examples. The torus is flat, and 
therefore we do not need to use any of the recent technical advances. In fact, this paper 
only requires techniques that were known twenty years ago. 

Historically, the elliptic genus of free orbifolds was studied in [21 [31 H], and that of the 
non-linear sigma models was studied in [5j |6]. The elliptic genus of Gepner models was 
computed using the known characters of Af = 2 superconfomal algebras 0IE]- Then it was 
realized that the elliptic genus of Landau- Ginzburg models can be computed by localization 



1 There are many papers and we cannot cite all of them. Interested readers should consult the inspire-hep 
database [1]. 
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[9], which led to a formula for the elliptic genus of Gepner models using the orbifold Landau- 
Ginzburg description [TQJ [TTJ H3]- The elliptic genus of a subspace of a Kahler quotient 
was studied in [HI [T5]. There, the free field expressions for the fields on a Kahler quotient 
were used, but the elliptic genus of the ambient Kahler quotient was computed by a known 
geometric formula. The goal of the present paper is to provide a path-integral derivation 
of the elliptic genus. The essential point of our paper is to carefully study the contribution 
from the zero-modes of the gauge multiplets. When the theory under consideration has a 
smooth geometric phase, our formula reproduces known mathematical results of the elliptic 
genus of complete intersections in toric varieties [T6| [T7]. 

Let us first consider a U(l) gauge theory as an example. The most important zero- modes 
are the holonomy of the gauge group on the spacetime torus T 2 . We denote the holonomy 

by 

u= J> A t dt-T (b A s ds (1.1) 



where A is the gauge field, r is the complex structure of the torus, and t, s are temporal 
and spatial directions. As we have the identification u~u + l~u + r, the variable u also 
takes values in T 2 . Very naively, localization would give rise to an integral 



Z T 2 = J dudu Zi-i oop (u, u) (1.2) 

where Z\.\ oop is the one-loop determinant of the fluctuations around a given background 
gauge field. It turns out that the naive one-loop determinant diverges at a finite number 
of points u G T 2 and the integral (11.2j) needs to be carefully defined. In the end we will 
instead find a formula of the form 

Z T 2 = - ^ f du z x-\oop(u) (1.3) 

where Zi_\ oop (u) is a meromorphic function on T 2 and the sum is over only a specific set of 
poles|§ We will derive below the general formula for Zi_\ oop (u) and the method to choose 
the correct set of poles, from a careful analysis of the path integral. 

The formula for the partition function of a (i-dimensional supersymmetric theory on S 1 x 
S^ 1 is superficially similar to the formula (II. 3p above, except that the integration contour 
fu=o is used instead. In that case, Zi_\ oop (u) counts gauge-dependent words constructed out 
of basic letters, and the integral serves to project them down to gauge invariant operators. 

The rest of the paper is organized as follows. In Sec. [2] we recall the basic definition of 
the elliptic genera, the structure of the supersymmetry multiplets and the one-loop deter- 
minants. In Sec. [3] we obtain a general formula for the elliptic genera of rank-one gauge 
theories. In Sec. @]we discuss a few examples with Af = (2, 2) supersymmetry, including the 
quintic Calabi-Yau as well as SU(2) and 0(2) gauge theories with massless flavors, and one 
example with Af = (0, 2) supersymmetry. We have three appendices: in App. [A] we give the 



2 Such a formula was already given in |18j . where however the authors did not derive how to choose the 
poles to sum over. 
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mathematical formula of the elliptic genera of subvarieties of Kahler quotients; App. [B] col- 
lects our conventions on 77 and 9 functions; App. O collects supersymmetry transformation 
laws and actions for M = (2, 2) and M = (0, 2) theories. 

We will generalize this discussion to higher-rank gauge groups in a forthcoming paper. 



Note added: The authors thank Abhijit Gadde and Sergey Gukov for notifying them of 
an imminent submission of a related paper, and for kindly giving them an additional ten 
days to prepare this paper. 



2 Elliptic genera, multiplets, one-loop determinants 

We begin by presenting the definition of the elliptic genus of two-dimensional theories with 
M = (2,2) and M = (0,2) supersymmetry. We will also compute the one-loop determinants 
of quadratic fluctuations around a background with flat connections, which is equivalent to 
a trivial background but with non-trivial boundary conditions. 



2.1 Theories with J\f = (2,2) supersymmetry 

Let us consider a two-dimensional M = (2,2) theory with flavor symmetry group K (with 
Cartan generators K a ) and a left-moving U(l) R-symmetry J (which is discrete if the theory 
is not conformal). Its elliptic genus is defined as 

Z r2 (r, Z ,«)=Tr RR (-l)V^-% j n xf« , (2.1) 

where the trace is taken in the RR sector which means that fermions have periodic boundary 
conditions. Here F is the fermion number, 

q = e 2wiT (2.2) 



specifies the complex structure of a torus and we write r = n + iT2- The left- and right- 
moving Hamiltonians Hl and Hr are 2Hl = H + iP, 2Hr = H — iP in Euclidean signature. 
Since q HL q HR = exp(—27TT2H — 2tttiP), the trace can be represented by a path integral on 
a torus of complex structure r. For a super conformal theory, the operators H L , H R , J equal 
the zero-mode generators L ,L , J of the superconformal algebrao We also define 

y = e 2niz and x a = e 2niUa (2.3) 

which specify the background R-symmetry and flavor-symmetry gauge fields A R , J 4 flavor via 

z = j> Afdt - r j Afds , u a = j A^ th flavor dt -t j A a s ~ th flavor ds , (2.4) 

3 When not uniquely fixed, e.g. by the superpotential, the superconformal R-symmetries can be deter- 
mined through the c-extremization principle of [HI [20] . 
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where t, s are the temporal and spatial directions]^ Equivalently we can set the background 
gauge fields to zero and instead specify twisted boundary conditions. When the R-symmetry 
is discrete, z is only allowed to take certain discrete values. When z = u = the elliptic 
genus reduces to the Witten index, and when the 2d theory has a smooth geometric de- 
scription it gives the Euler number of the target manifold. The limit q — >■ of the elliptic 
genus is called the Xy genus. 

We concentrate on gauge theories with vector and chiral multiplets, possibly with super- 
potential and twisted superpotential interactions. Our conventions are given in Appendix 
ICl A chiral multiplet has components $ = ((j),(f),ip,ip,F,F) and a vector multiplet has 
V=(A li ,a,(t,\,\,D). 

The computation of one-loop determinants on a background where only flat connections 
and D-terms are turned on, involves the evaluation of infinite products of the form 

Y[(m + riT + u) (2.5) 

m,n 

for left-moving fermions, its complex conjugate for right-moving fermions, and 

1 



n 



rnji 



m + tit + u\ 2 + iD 



(2.6) 



for bosons. Here u and D denote the holonomies and the D- component]^ of background 
vector multiplets. In isolation, the products (I2.5P and (12. 6p require renormalization by 
infinite constants, but with M = (2, 2) supersymmetry the constants simply cancel out. 



Chiral multiplet. The contribution from a chiral multiplet $ of vector-like R-chargq_| R 

and flavor charge Q is 

yj (m + nr + (1 - f )z - Qu) (m + nf + ^z + Qu) 

Z$,q(t,z,u,D) = M : ^-jj — (2-7) 

t n \m + nr + qz + Qu\ +iQD 

which, when D = 0, simplifies to 

9 1 (q,y R /^xQ) 

Z ^ Z ^= 9liq ,yR,2 x Q) • ^ 

Here and in the following we will use interchangeably r, z, u and q, y, x using the relations 
( 12.21) and ( 12.31) . Notice that Z$ } q(t, z,u, D) is meromorphic in D but not in t,z,u, while 
Z$ q(t, z, u) is a meromorphic function of its arguments. The function 9i(q, y), that we also 



In particular introducing a complex coordinate tc~«i + l~w + Ton the torus, the relation between 
z and a constant connection is z — (— Ht^) (and similarly for the flavor holonomies). 

5 As explained in Appendix O D is the Eulidean D-term related to the Lorentzian one by Dl = iD. 
Moreover in (|2.6I) we have rescaled D by tt/t2- 

6 The definition (|2.1j) contains the left-moving R-charge J. A chiral multiplet of vector- like R-charge R 
(and assigning vanishing axial R-charge) has J = % . 



4 



denote as 8i(t\z), is a Jacobi theta- function and it is defined in Appendix [B] The infinite 
product has been regularized in such a way to match the Hamiltonian computation. The 
formula (12. 8p was derived twenty years ago in [9]. There, the Landau- Ginzburg model with 
superpotential W = $ fc+2 was considered, and therefore $ had R-charge 2/(k + 2). With 
this value and x — 1, the formula (I2.8P reproduces the elliptic genus of the fc-th minimal 
model. 

The contribution of a chiral multiplet in a general representation 9^ of a gauge group G 
is, when D = 0: 

where the product is over the weights p of the representation, and x p = e 2mp( - u \ 

Vector multiplet. The contribution from a vector multiplet of a group G consists of two 
parts. The Cartan part, with the zero- modes removed, contributes a factor 



>vectO, z) r where Z vect (r, z) = — — - (2.10) 



where r is the rank of G. In this paper we will consider r = 1. Note that the numerator 
277(g) 3 equals lim y _ ) .i(l — y)~ 1 0i(q,y). The off-diagonal components give 

Z off (r,^, «,!>)= || || — , (2.11) 

a: roots m,n \m + TIT - Z + a{u) \ + ia(D) 

where u and D denote the background gauge holonomy and the D-component vacuum 
expectation value in the Cartan subgroup. The product is over the roots of the gauge 
group. The dependence on z is fixed by the fact that the boson and the right-moving 
fermions have left-moving R-charge —1, while the left-moving fermion is uncharged. When 
D = the formula simplifies to 

a: roots ±v ^' a ' 

Notice that this is the same contribution as of a twisted chiral multiplet of axial R-charge 
2 and vanishing vector- like R-charge. 

Twisted chiral multiplet. The one-loop determinant of a twisted chiral multiplet of 
axial R-charge Ra can be similarly computed: 

As a check, the twisted chiral multiplet S = (er, A, F 12 + iD) containing the field strength 
has Ra = 2 and it gives us the vector multiplet determinant. 
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2.2 Theories with J\f = (0, 2) supersymmetry 



For two-dimensional theories with M = (0,2) supersymmetry the situation is similar. Let 
K be the flavor symmetry group. The elliptic genus is defined as 

Z t *(t,u) = Tr RR (-l) TT x a a ( 2 - 14 ) 

where, again, q = e 2nlT and x a = e 2ntUa . Lagrangian theories can be written in terms of three 
types of multiplets. The chiral multiplet $ = ((f), consists of a complex scalar <p and a 
right-moving Weyl fermion %p~ . The Fermi multiplet A + = G) consists of a left-moving 
Weyl fermion ip + and an auxiliary complex scalar G; the definition of this multiplet involves 
a chiral multiplet (E,^) where E(<p) is a holomorphic function of the fundamental chiral 
multiplets in the theory — see Appendix ICl The vector multiplet V = (A^,X + ,D) consists 
of a vector A^, a left-moving Weyl fermion A + and an auxiliary real scalar D. 

As before, the contributions from the three types of multiplets can be written in terms 
of (12. 5p and (12. 6p . In this case the expressions in isolation are not well-defined and require 
r-dependent renormalization. Even the product of all one-loop determinants in the theory 
requires renormalization whenever there is a gravitational anomaly. One could cure the 
problem simply by multiplying and dividing by the one-loop determinants of free chiral or 
Fermi multiplets in a suitable number to cancel the gravitational anomaly. Alternatively 
we can compute the one-loop determinants of free fields in the Hamiltonian formalism — 
precisely as in [9]. 



Chiral and Fermi multiplets. The contributions from a chiral multiplet of charge Q, 
on a background with D^O and D = respectively, are 

7 i n\ TT m + nf + Qu . q^r){q) 

Z *^,u,D)=]l lm + nr + Qul2 + iQD , Wt ,,0 = ,__. (2.15) 

The contribution from a Fermi multiplet of charge Q is 

Za,q{t, u) = i \ , (2.16) 
g 12 77(g) 

with no dependence on D. For general representation 9\, we simply multiply over weights 
p E 9t as in (JZU). 

It is easy to check that the product of the determinants of a chiral multiplet with left- 
moving R-charge and flavor charge , Q) , and of a Fermi multiplet with charges — 1, Q) , 
reproduces the determinant of an M = (2, 2) chiral multiplet in (12. 8p . Moreover the product 
of the determinants of a chiral and a Fermi multiplet of opposite charge is 1, since they can 
be given a supersymmetric mass and be integrated out. 

Vector multiplet. The contributions from a vector multiplet corresponding to a Cartan 
generator (with the zero-modes removed) and a root a of the gauge group are 

Zvect{T) = , Z oS (T, U) = % j_ . (2.17) 

qi2 (71277(g) 
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Notice that the determinant of an off-diagonal vector multiplet is exactly equal to that of 
a Fermi multiplet, since in two-dimensions the gauge field is non-dynamical and thus the 
two contain the same degrees of freedom. Moreover the product of the determinants of a 
vector (or Fermi) multiplet of left-moving R-charge and of a chiral multiplet of left-moving 
R-charge —1, reproduces the determinant of an M = (2, 2) vector multiplet in f 1 2 . X j) and 

(12121). 

The analysis in the next section is focused on the M = (2, 2) case, but it is equally 
applicable to M = (0, 2) theories, and we will give a concrete example in Section [4761 



3 The formula and its path-integral derivation 

We will now present our formula for the elliptic genus, in case the gauge group has rank 
one, and its derivation. In a forthcoming paper we will generalize it to higher-rank gauge 
groups. 



3.1 The setup and the result 

Let us first consider an J\f = (2,2) U(l) gauge theory with chiral multiplets $j, of U(l) 
charges Qi and R-charges Ri, where i runs over all chiral multiplets in the theory. Without 
superpotential the theory has some flavor symmetry group, while a non-trivial superpoten- 
tial W in general reduces such flavor symmetry. We will denote by Gp the flavor symmetry 
group, and by Pj the flavor charges under the maximal torus of Gp. We assume that we 
can arrange Ri to be all positive, 

Ri>0, (3.1) 

if we use the freedom to shift Ri by gauge or flavor charges. We show in section 13.21 that 
the elliptic genus is given by 

£ specifies the holonomy of the flavor symmetry on the torus. Here, u parameterizes the 
gauge holonomy and takes values in the torus 9Jt = C/(Z + rZ). When the gauge theory 
is not conformal z is chosen so that the integrand is periodic under the identification u ~ 
u + 1 ~ u + r. Note that Zt?{t, z,£) might develop poles as £ is varied on the maximal 
torus, so we will assume that £ is generic. 

The poles to sum over, 9Jt^ ng , are chosen as follows. There are poles in the integrand at 

R 

QiU-\ z + Pi(£) = (mod Z + rZ) for some i (3.3) 

where the chiral multiplet $j is massless. We shall denote the set of such points by 9Jt S i ng . 
It may well happen that at a point 6 S0T S i ng more than one multiplet is massless. Under 
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the assumption (I3.ip . for generic values of z the massless multiplets at have charges Qi 
all with the same sign0 Then we split the points in 9Jl sing in two groups according to Qi > 
or Qi < 0: 

9Ksi„g = mt+ ng u mi; ing . (3.4) 

This determines the set njt^ ng in (13. 2p . 

In (13.21) we could have equivalently taken the positive sum over Uj G ^Ols ing - Our formula 
is then 



(3.5) 



This is equal to (13. 2D . as the sum of the residues of a meromorphic function on a torus is 
zero. 

In Section H] we present some illustrative examples: the quintic Calabi-Yau, a singular 
hypersurface Calabi-Yau in a toric variety, and CP^. Readers interested in these examples 
can consult that section before proceeding. 

Similarly, the elliptic genus of a gauge theory with gauge group G of rank one can be 
derived with a minimal modification. There is an additional factor (" 12 . 1 2D from the off- 
diagonal components of the gauge multiplet in the integrand of f 1 3 . 2 D . and an overall factor 
1/| W\, where \W\ is the order of the Weyl group, to account for its identifications. Each 
chiral multiplet $j has vector-like R-charge Ri and it is in the representation of G. When 
G is connected, we find: 

i i "i \ < / • • < / 

x 



,,, 



X 4 P gi e^q , y*/ 2 xP e 2 « iP *®) ' ^ 

In Section 14.41 we present the example of SU(2) with N fundamentals. The derivation 
described below can also be applied to the case where G is not connected. In Section 14.51 
we illustrate this in a particular case, where G = 0(2). 

Finally, the elliptic genus of a theory with Af = (0,2) supersymmetry, gauge group G, 



7 If ()3.1|) is not satisfied, as it happens in the non-Abelian case, it might happen that the splitting in 
(|3.4[) is not well-defined. We first compute the elliptic genus in the absence of superpotential W: in this 
case it is always possible to separate the singularities so that (|3.4j) is well-defined. In other words it is 
always possible, by mixing the R-symmetry with gauge and flavor symmetries, to achieve (|3.1I) . Then we 
analytically continue the result to the R-charges allowed by the superpotential. 
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chiral multiplets $j and Fermi multiplets Aj, is given by 



W K,tm+ J «-«, 1" «g 1'">(l) 



X 



The authors of [21j observed that the elliptic genus of a rank-one Abelian M = (0, 2) GLSM 
precisely takes this form. They asked if there is a path-integral derivation. The answer is 
yes as we will now explain. 



3.2 Derivation 

In this section we provide a path-integral derivation of the formula (I3.2p for the elliptic 
genus. The generalization to (I3.6P and (13 .7p is straightforward. We denote by e the gauge 
coupling, so that we have a factor 1/e 2 in front of the gauge kinetic terms. Similarly, we 
put 1/g 2 in front of the matter kinetic terms. We consider the localization as e — > and 
g — > 0. This is possible because (as reviewed in Appendix [C]) all Lagrangian terms are 
actually Q-exact. This implies that we can take the kinetic terms much larger than the 
interaction terms, and moreover the result will not have dependence on the parameters in 
the interaction terms. In what follows, some r 2 -dependent rescalings of fields and parameters 
are assumed. 

For non-zero couplings e and g, the elliptic genus can be written as 

Z T 2 = l dD / d 2 u f e ,g(u, u, D) exp 
Jr Jm 

where f e ,g(u, u, D) is the result of the path integral except the vector multiplet zero-modes. 
Here ( is a Fayet-Iliopoulos term that we include for completeness, but the result does not 
depend on it. 



2e 2 



i(D 



(3.8) 



3.2.1 Identification of dangerous regions 

Let us identify the dangerous regions when we take e — > and g — > 0. After integrating 
over D in (I3.8p . we have 

Z T 2 = / d 2 «F eig (M,«) . (3.9) 
Jm 

The function F etg (u,u) depends on e and g, but the dependence disappears after taking 
the integral in (13. 9p . Consider the limit of F e ^ g (u,u) as e — > and/or g — > 0. The sources 
of danger are the scalar zero-modes, which exist at u G 9Jt S ing defined in (13.31) . As we 
commented before (13 .4p and in footnote [7J at generic values of z we can assume that at 
any value of u only fields of the same sign of U(l) charges can simultaneously develop zero- 
modes. Therefore the g — > limit exists for any u as long as e is non-zero, because the 
quartic potential induced by the D-term gives a cutoff. 
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Let us estimate the behavior of F e $(u, u) as e — > near a singular point G 97t S ing- 
Suppose that there are M* fields that have a zero- mode fa at w*, and for simplicity let us 
assume that all have the same charge Q. Then, by performing the D-integral in ( I3.8p . we 
find that for u ~ 



F efi (u,u) = C UiC / d 2M *<p exp 
Jc M * 



2 



(3.10) 



Here, C Ufi comes from the non-zero modes and has a limit as u — > and e — > 0. The rest 
of the integral comes from the almost-zero modes. The exponent in the integrand has two 
terms, the first coming from the kinetic term of the chiral multiplets and the second coming 
from the quartic interaction which is the square of the D-term. 

We see that F e ${u,u) has a finite limit as e — > provided u ^ u*. On the other hand 
for any u ~ u*, including u — it*, it is bounded as 

\F e ,o(u,u)\<\C u , fi \(-—) , (3.11) 



JJ>2 



\Q\e 

for some positive constant C independent of e. 

Let A E be the e neighborhood of 9Jt S i ng in DJi. We may allow the radius to depend on 
the component, e = at w*. We separate the integral as 

/ d 2 uF e>0 (u,u) + / d 2 uF cfi (u,u) . (3.12) 

We shall evaluate this in the limit e — > 0, and we would like to do so in such a way that the 
second term does not contribute. In view of ( 13. lip , we cannot take the limit e — > before 
e — > 0. We can take the limit e — > first for a non-zero e and then e — > 0, or alternatively 
we can take the scaling limit e — > and e — > in which the bound 

e, < e M * +1 (3.13) 

is satisfied. Denoting such a limit by lim , we have 



e,e— >0 



jj<2 



e,e-)-0 



lim / d 2 uF efi (u,u) . (3.14) 



3.2.2 Reintroduction of the auxiliary field D 

Now let us consider the path integral before integrating out the auxiliary field D: 

lim / dD I d 2 uf e {u,D) exp\ - ^-D 2 -i(D\ . (3.15) 
c ^°Jk Jm\A F L 2e 2 J 



e.e— >0 



Here f e (u,D) is the result of the path integral over all fields except the zero-modes of the 
gauge field and D. For u ^ 9Jl sirLg and for D whose imaginary part is close enough to so 
that the real part of the term \Dn<p\ 2 + itfiDifi is positive definite, it has a limit as e — > 0: 



fe(u,D) — -+ J dAodAo^ d 2 x\Y^Q^ i fa J d< 
= h(r,z,u,D) g(r,z,u,D) , 



X ^ ^2 Qi&fa 



free 



(3.16) 
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where 

g(r,z,u,D) = Z vcct (q,y) JJ. Z®^ (r, z, u, D) (3.17) 
is the one-loop determinant and 

h(r, z,u,D) = cJ2 7 , 2 ~ v, — (3-18) 

i,n,m [\m + nT + QiU + ! fz\ + iQiDj [m + nr + QiU + ^fz) 

arises from saturating the gaugino zero-modes. The overall constant c only depends on our 
normalization of the vector multiplet; it can be fixed by comparing our final result to just 
one example in the limit z — 0, and it turns out to be c = — i/n. 



3.2.3 Deformation of the contour of D-integration 



To take the limit e — > 0, it will be useful to deform the integral over D away from the 
point D = 0. In fact the contour can be deformed from the original D G R, as long as the 
deformation does not hit poles of ( 13.161) . Such poles are at 



D= Q, 



m + nr + QiU + —z 



(3.19) 



and they approach the real axis as u approaches the singular points 6 9tt S mg- As we 
excised the regions A e in (|3.15|) . the poles closest to the real axis have an imaginary part of 
order e 2 . So, let us define the contours T± to be D G R ± iS with < 5 e 2 . We take T_ 
for definiteness. 

Now we use the following feature of f l 3 . X 6 f) : 



h(r,z,u,D) g(r,z,u,D) 



1 d i m 

~=: T=g{r, z,u,D) , 
nD ou 



to rewrite the elliptic genus a; 



Z T 2 = lim / dD 

e,e->0 



1 



2niD 



exp 



du g(u, D) . 



(3.20) 



(3.21) 



Now we are interested in the D-plane poles of g(u, -D), which is defined in f)3.17l) . From the 
chiral multiplet contribution (12. 7p we see that there are poles at D = iQi\u*\ 2 . Since the 
contour of integration in the w-plane is restricted to \u\ = e* we see that there are poles 
at D — iQiE 2 . Let us look at one component of dA £ , that encircles a singular point it*. In 
addition to D = 0, there is a pole at D = iQiE 2 for each Qi satisfying (13.31) for u = u*. 
On the same side of the real axis there are other poles on the imaginary axis, while there 
is no pole on the other side of the line. Recall that the signs of such Q^s are fixed: they 
are positive if G 9#^ ng and negative if u* G 97t^ ng . We decompose A £ into two groups 

accordingly, A £ + ^ and Ae ■* , and separate the discussion of the integral into the two cases. 



3 Note that d 2 u = d(Reu) A d(Imit) = Mu A du, and d(Wl\ A £ ) = -<9A e 
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Figure 1: Left: poles for u* G £?Ae and contour T'_. Right: poles for G dA ( £ ' and 
contour T_, which is equivalent to the sum of V, and Cq. 
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Let us first compute the contribution from the components of dAi , see figure [Hon the 
left. There is no pole on the lower-half D-plane, therefore the contour T_ can be deformed 
further away from D = (relaxing the condition 5 s 2 ) to an arbitrary position in the 
lower half-plane. In particular we can take the e — > limit holding the new contour T'_ 
fixed. Since the integrand is continuous and bounded as a function of u, while the integration 
region shrinks as e — > 0, the integral vanishes in the limit. Thus we find: 



lim 

e,e-)-0 



dD 



2mD 



exp 



2e 2 



(+) 



dug(u,D) = . 



(3.22) 



Next consider the components of dA £ , see figured] on the right. There are no poles in the 
upper half-plane but there are infinitely many poles on the negative imaginary axis. In each 
component, the closest poles to D = are at D = iQie\ for the corresponding set of z's, 
and the contour T_ goes between them. In particular, the pole at D — iQ%e\ approaches 
the pole at D = in the limit we are going to take. No other poles approach the real line 
as e — > 0. Therefore we cannot take the limit e — > while holding the contour fixed. To 
avoid this complication, we decompose the contour as 



r' + Co 



(3.23) 



where Co is a circle of radius smaller than el that goes around D = counter-clockwise. 
For the same reason as in (I3.22p we have 



lim [ dD—!— 

e,e->o J T i 2niD 



exp 



2e 2 



i(D 



dA 



(-) 



dug(u,D) = 



(3.24) 
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and we are left with 

Zf2 



lim 

c,e— s>0 

lim 

e,e-»0 



dD 



Co 



2niD 



cxp 



OA 



du g(u, D) 



dug(u, 0) 



(3.25) 



dA 



(-) 



dug(u, 0) 



which corresponds to the formula (13.51) we wanted to derive. 

If we instead choose T = T + then by repeating the same argument, mutatis mutandis, 
we find: 



lim 

e.e— >0 



— lim 

e,e— »0 



dD 



1 



Co 



2niD 



exp 



2e 2 



i(D 



dA 



(+) 



du g(w, D) 



>(+) 



dug(u, 0) 



<9A, 



(+) 



SA^ 

dw <7(u, 0) . 



(3.26) 



This is precisely our formula (13. 2p . The two answers for Z T 2, (13. 2p and (13.51) . are indeed the 
same since g(u, 0) is holomorphic on 971 \ A £ . In particular the choice of a "displacement 
vector" ±5 of the contour of D in the complex plane is necessary to perform the computation, 
but it does not affect the final answer. 



4 Examples 

We will finally present some illustrative examples, with each one elucidating a different 
aspect. 

4.1 The quint ic 

Let us start with a classic example, the quintic Calabi-Yau, which is an Abelian rank- 
one theory that flows to a conformal fixed point. Consider a U(l) theory with one chiral 
multiplet P of charge —5 and five chiral multiplets X, of charge 1, and a superpotential 
W = Pf(Xi, . . . , X 5 ) where / is a quintic polynomial]^ The formula (13.21) applied to 37t^ ng , 
in other words summing over the residues in , gives the elliptic genus as 



ir](q) 3 A I 6 x {q,x 5 ) {6 x {q,y 1 x) 



(4.1) 



9 We assign R-charge 2 to P and to Xj,, although this can be changed by an unphysical mixing with 
the gauge symmetry. 
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The second equality follows from 



6 1 (T\z + k + lr) _ z O^y) 
au : — - = y 



u=0 



6\{t\u — k — It) 27r^(g) ; 



see also Appendix [B] If we instead apply formula (13. 2ft to 0Jt^ ng , the expression for the 
elliptic genus is 

Zr!(T , 2) = _^ML/ d«$*£^ f^r) 5 - («> 

The final expression in (14. ip is the standard expression of the elliptic genus of the Landau- 
Ginzburg orbifold with W = f(Xi,...,X 5 ) with five fields of R-charges 2/5 under the 
diagonal Z 5 action. Using 

e^y-^e^ 1 ^) = i-y^e-^ ^Ef^S^ for I = 
r^So ^(g^i/s^fc+M/s) jy/a for Z = 1,2,3,4, 

we can obtain the \ y genus in the r — > ioo limit: 

lim Z T2 (r,z) = -100 y 1/2 - 100?T 1/2 , 

t — yioo 

and the Witten index equal to the Euler number of the quintic: \ = Z T ' 2 (r,0) = —200. 
On the other hand, the right hand side of (14. 2p is the standard geometric expression of the 
elliptic genus of the quintic hypersurface X in CP 4 . Indeed, the elliptic genus Zx(r,z) is 
mathematically defined as the integral of a characteristic class: 



^geom(T, Z) = -— — / J I — — (4.3) 

where x a are the Chern roots of the tangent bundle of X. In this case X is given by the 
divisor 5H, where H is the hyperplane class of CP . We thus have 

Z (rz)- lv{q)3 ! g 4 ( h^M^l X (44) 

which is literally equal to (14. 2p once we use J cp4 H 4 f(H) = $ Q du f(2iriu). For more 
details and generalizations see Appendix [A] 



-1 „X a 



4.2 WP} |1>2A2 [8] 

Our next example is a gauged linear sigma model that describes a Calabi-Yau hypersurface 
with an orbifold singularity in a weighted projective space. Specifically, we consider a degree 
8 hypersurface in WP 4 1 2 2 2- We will see below that our formula automatically takes care 
of the orbifold singularities. 
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This geometry is realized by a U(l) theory with one chiral multiplet P of charge —8, two 
chiral multiplets Xj of charge 1, three chiral multiplets Yj of charge 2, and a superpotential 
W = Pf(Xi,X 2 ,Yi,Y 2 ,Y 3 ), where / is a charge-8 polynomial. We assign R-charge 2 to P 
and zero R-charge to Xj and Yj. The formula (13. 2p applied to 9Jt^ ng gives the elliptic genus 

as 

z , z s _ iy(q) 3 f du Oi (g, z~ 8 ) / 9 1 (q, y- 1 x) \ 2 ( 6 l (q, y' 1 x 2 ) 

T2 ' di{q,y~ l ) fu=(z+k+ir)/s Oi{q,yx-*) V Oi(q,x) J V °i(q^ 2 ) 

~8^ V \ 9 1 (q,y^e 2 ^ k + l ^/ s ) ) V eifayVW^+W) ) ' ^ ' 5) 

This is the expression of the elliptic genus in the Landau- Ginburg phase, which is a Z 8 
orbifold theory. Instead using 97t^ ng to compute the elliptic genus we find 

ir]{q) 3 / Oi{q,x- 8 ) ( O^q, y' 1 x) \ 2 ( 6 x (q, y' 1 x l 



The two expressions agree, and in the limit r — > ioo they give 

lim Z t2 (t,z) = -84y 1/2 - 84y~ 1/2 . 

t— uoo 



(4.6) 



Taking the limit of (j4.6j) . the pole at u = contributes — 81(y 1//2 + y x / 2 ) while the other 
three poles contribute — (y 1 ^ 2 + y~ 1 ^ 2 ) each. We correctly find the Witten index of the model 
to be Z T2 (r,0) = -168. 

Geometrically, the degree-8 hypersurface in WP^ 1 2 2 2 has Euler number —162, but it 
also has a genus 3 curve of A\ singularities: blowing it up introduces an additional Euler 
number —6, giving the Euler number of the resolved smooth Calabi-Yau space to be —168. 
We find that the Witten index of the theory computed with our method correctly accounts 
for the contribution from the orbifold singularity. 



4.3 CP^ 1 

Our third example is a massive Abelian rank-one theory which instead of flowing to a fixed 
point develops a mass gap. 

Consider a U(l) theory with N chiral multiplets of gauge charge +1. The left-moving 
R-symmetry is anomalous: indeed the one- loop determinant Zi_\ oop (r, z, u) has monodromies 
on the torus: 

Zi-ioop(r, z, u + a + br) = e 2mbzN Z^^r, z, u) for a, b G Z . (4.7) 

Single-valuedness of -Zi_i oop (r, z, u) requires z G Z/iV. 

Applying the formula (I3.2p to ^i^ ag we immediately get that Z T 2(t, z) = 0, because 
^sing ^ s em Pty- However we cannot trust this result for z = because in that case the 
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integrand Zi_i oop is not well-defined. To proceed, we introduce an extra chiral multiplet P 
of gauge charge Qp = —N: now the theory has unbroken left-moving R-symmetry, we can 
consider arbitrary z and analytically continue to z = 0. We assign R-charge 1 to P in such 
a way that P does not contribute to the index because the bosonic and fermic contributions 
cancel out and hence Zp = 1. Of course the theory with P is not the same as the theory 
without it. However at z = we can turn on a twisted mass^ for P and the extra chiral 
multiplet decouples. 

It is also convenient to introduce generic flavor holonomieJ^I —£k=i,— ,N- The elliptic 
genus (13. 2 p is then given by 

Z T 2{T,z,-tk) = > <p du— -M — - — . 4.8 

There are N simple poles at u = £&, and the result is 



N 



Z T * (r, *,-&) = E II 6l (r^-Q ■ (49) 
k=i j&k) K ls s - ?; 

For z = we find Z^ = N, which is the Witten index of CP^ -1 . The limit r — > ioo, 
i.e. q — > 0, instead gives the Xy genus of CP^ -1 . Using 



OArla) 



(l + 0(q)) 



we find: 

Z T2 (ioo, z, -Cfe) = y~~ E ■ n y 3 ■ ( 4 - 10 ) 

Notice that there is no dependence on £j. This is as it should be, since the harmonic forms 
representing the cohomology classes are invariant under the isometry. 

4.4 SU(2) with fundamentals 

Let us next consider an M = (2, 2) SU(2) gauge theory with N fundamental chiral multiplets. 
Here we evaluate the elliptic genus, the \y genus (i.e. its q — > limit) and the Witten index 
using our formalism. The elliptic genus is 

Z T ,(r,z,0 = - 2 E e^r^t dU e 1 (r\-z + 2u) 6 l{ r\ - z - 2u) 



" gi (r | (f - l)z + u + gi (r| (f - 1). - « + fr) 
J-- 1 - ^(r|f^ + « + ^) 0i(r|f + 



10 The twisted mass has R-charge 2, so it is forbidden by a non-trivial R-symmetry holonomy z. 

11 The flavor symmetry is SU(N), therefore the flavor holonomies should satisfy X^fcCfc = 0- It is easier 
to allow generic keeping in mind that their sum can be absorbed by a shift of the integration variable 
u. On a flat manifold as T 2 this does not produce any effect at all. 
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We have assigned R-charge R to the fundamentals, and we have introduced flavor holonomies 
Xj = e 2m ^ J with j = 1, . . . , iV in the Cartan of XJ(N). The set of poles is read off from the 
denominators. The set 97t^ ng is 

^ { £,£±I,£±I,£±l±I,_ 6 _*4. (4 , 2) 

Let us consider the theory with vanishing superpotential, in which case the correct R- 
charge in the infra-red limit is R = and we can turn on an arbitrary flavor holonomy. 
Evaluating the various contributions (the formula ( IB. 7ft will be useful), we find: 



1 



V *i(r|2fc) A 



2 U 01 ^ + z )kM W - ts + OiM - ts - h) 

The theory has a non-compact moduli space of classical vacua: both a Higgs branch (for 
N > 2) and a Coulomb branch. To control their contributions, let us first take the limit 
q — > for generic Xj's and y, and then send the flavor holonomies to infinity: x^ — > 0. We 
find 

x , = iim iim z T , = 3/2 ± + y + y 2 + --- + y N -\ (414) 

x— >o g— >o 1 + y 

The limit Xi — > has killed a possible Higgs branch completely, but has no effect on the 
Coulomb branch. In the quantum theory, the Coulomb branch is lifted for odd N but 
remains unlifted for even N [22] . 

When iV is odd, the expression above can be simplified to 

x v = y 3/2 + y 7 ' 2 + • ■ ■ + y N ~ V2 • (4.15) 

This has no divergence whatsoever. If we set y — 1, we obtain the Witten index (N — l)/2, 
which agrees with the Witten index of the theory deformed by a generic twisted mass, 
computed in [22]- This agreement is expected for odd iV: the present computation and the 
computation in [22] can be continuously connected by a path in the space of the twisted 
masses and the flavor holonomy on the torus. For a generic choice of path, the Witten index 
is well-defined along the way and hence it is constant [23]. Therefore the initial and the 
final values must agree. 

As another application, let us compute the Xy genus of the theory with N = 3 for generic 

1 y - x x x 2 y - x 2 x 3 y - x 3 x ± 
Xy ~ q/o 1 i • (4.1DJ 

yi/Z I _ XlX2 I — X 2 X 3 1 — X3XI 

This is the same as the Xy genus of three free fields which carry the same charges as the 
baryons. This is consistent with the claim in [22] that the 577(2) theory with 3 fundamentals 
flows to the free theory of the three baryons. 
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For N even, the Xy genus (I4.14p has a divergence at y = — 1, caused by the contribution 
of a non-compact Coulomb branch parameterized by trS 2 , where E is the adjoint twisted 
chiral multiplet constructed from the vector multiplet. Its contribution to the Xy genus is, 
from fl27[3|) . 

yl/2 

(4.17) 



1 + y 

This has indeed the same kind of divergence as (14.141) at y = — 1. 



4.5 0(2) with fundamentals 

As the last example with M = (2, 2) supersymmetry, we consider an 0(2) gauge theory with 
N chiral multiplets in the fundamental doublet. We include this example to show how the 
computation works in a theory with non-connected gauge group. 0(2) can be regarded as 
U(l) xi Z,2, where the generator 7 G Z 2 acts on U(l) as the inversion, and a doublet consists of 
two fields 0i, 02 of U(l) charge 1, —1 which are exchanged by the element (1, 7) G U(l) x Z2. 

The moduli space of flat 0(2) connections on the torus consists of seven components: one 
is the space of u G C/(Z + rZ) modulo u = —u, and the others are six points represented 
by the commuting pairs of holonomies ((1, 7), (±1, 1)), ((±1, 1), (1, 7)), ((±1, 7), (1, 7)) . 
The computation on the first component is as before. For the computation at the six 
discrete holonomies, take the combinations <j>± = 0i ± 02. Both of them are odd under 
the element (—1,1) while + (resp. 0_) is even (resp. odd) under (1,7). The U(l) gauge 
multiplet is even under (—1,1) and odd under (1,7). The theory carries a discrete data 
(e, 9) G {+1, — 1} x {0, 7r} which specifies a weight for the sum over components. The elliptic 
genus is given by 

*v irj( - q)3 I d fr 01 (r l ( 2 - l)z + u + ij) 6l ( T M~ 1 >- u + 0) 

2 ^ BM - z) f^_n z U 1 = 1 9l ( T \ f z + u + 0) 0i (t| f z -u + ^ 

1 Ve ^ e 1 (r\a v ) yr 9i(r\(§ -l)z + a + + S j ) fl^Kf - l)s + q_ + fr) 
4 a B M*-**)\} X e 1 (r\§z + a + + i j ) e l (r\^z + a^ + i j ) 

(4.18) 

The numbers ( ) and (e a , 9 a ) for the discrete holonomy a are given by: 



a 


((1,7), (1,1)) 


((1,7), (-1,1)) 


((1,1), (1,7)) 


(a v , a+, a_) 
(e a ,^) 


(1,0,1) 
(1,1) 


/l r l+r\ 
v 2 ' 2 ' 2 / 


(l,o,|) 

(6,1) 


a 


((-1,1), (1,7)) 


((1,7), (1,7)) 


((-1,7), (1,7)) 


(a v , a + , a_) 
(e o ,0 a ) 


IT 1 l+r> 
v 2 ' 2 ' 2 / 


(1,1) 


/l+r 1 t\ 
V 2 ' 2 ' 2 / 

(1,0) 
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Here e = ±1 corresponds to a choice of the action of 7 on the untwisted RR sector [24, 25J, 
when the theory is viewed as a Z 2 orbifold of the U(l) gauge theory. 9 G {0, tt} is the 
discrete theta angle. 

Let us examine the formula for the theory with no superpotential. In this case, the right 
value of the R-charge in the infrared limit is R = and we can turn on any flavor holonomy. 
The theory is plagued by a non-compact Coulomb branch, unless the discrete theta angle 
is trivial (9 = 0) for odd N or non-trivial (9 = n) for even N [2E] • It is easy to evaluate the 
limit q — > first, and then y — y 1, leaving £j generic: 

for odd N, 9 = 0, e = +1, 
for odd N, 9 = 0, e = -1, (4.20) 

for even N, 9 — tt, e — ±1. 

These are the cases where the theory is regular by the right choice of theta angle. For the 
non-regular values, it would give a non-sensical non-integer. The result (I4.20p agrees with 
the result of [26] for the Witten index of the theory with generic twisted masses. The reason 
of the agreement is the same as in the £77(2) case. 

Let us look at the Xy genus for a general y in the regular theory with N — 1: 

f\ 1 e l\ 1 y- x 2 1 y — x 2 
Xy= \2 + 2 + 2 + 2j yV~ 2 1 - x 2 = yV~ 2 1 - x 2 

This is the same as the Xy genus of a single free field which carries the same charges as the 
meson 0i02- This is consistent with the claim in [26] that the regular theory flows in the 
infrared limit to one or two copies of the free theory of the meson, where the number of 
copies depends on the choice of e. 



N l + e id l + e ie l + e if> 



( N + 3 

2 

N + l 



N 



4.6 Distler-Kachru models 

Finally let us discuss the elliptic genus of an Af = (0,2) gauged linear sigma model [2"7] . 
whose IR limit describes a non-linear sigma model with a Calabi-Yau target X with a stable 
vector bundle £ — > X. 

Similar to our previous M = (2,2) examples, we can engineer a Calabi-Yau hypersurface 
X in weighted projective space using a U(l) gauge theory. We take chiral multiplets $j 
with gauge charges q. t to construct the ambient weighted projective space. We add a Fermi 
superfield S with charge —d and superpotential term J s = W / ($) to cut out the hypersurface 
W{4>) = 0. The bundle £ is constructed by adding Fermi superfields A- 7 with charg es fiji a 
chiral superfield P with charge —m, and a superpotential terms Jj = PFj($>) where Fj are 
homogenous polynomials that specify the form of the bundle £. To cancel U(l) anomalies 
in the sigma model we require c\(Tx) = and c\{£) = which translate to 

^2 qi - d = , rij - m = . (4.22) 
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When the Calabi-Yau target X is smooth, twice the net number of generations, or equiva- 
lently the Witten index, equals 

c 3 (E) = - 1 -(m 3 -J2 3 n j) j3 - ( 423 ) 

As a concrete example, consider the case of a hypersurface in WP^ 112i5 with gauge 
bundle specified by rij = (1,1,1,1,7), which was discussed in [27]. Our formula for the 
Af = (0,2) elliptic genus is 

_ ir](q) 3 r fli(g,ar 10 ) ( 6i(q, y~ l x) \ 3 gi(g, y' 1 x) O^y^x 7 ) 

T2[T,Z) 9 1 (q,y-^f u=0 U 9 1 (q,yx-^){ 6 1 (q,x) J 9 1 (q,x*) B 1 {q,afi) ' 

(4.24) 

Note that y is here the fugacity of a flavor symmetry. The powers of q have cancelled using 
equation fl4.22jl . In the limit y — > 1 we get 

lim Z T 2 = -328 
which successfully reproduces the Witten index. 
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A Geometrical formula for the elliptic genus 

For a vector bundle V with Chern roots Xi, let us define a characteristic class ip(V) by 

«"=mk {A - i) 

where f(x) is a formal power series in x such that f(x) = 0, so that /'(0) makes sense. A 
generalized genus in the sense of Hirzebruch of an almost complex manifold X is then 

<p(X) = [ tp(TcX). (A.2) 
Jx 

For a readable introduction on the elliptic genus and other genera, see [28] . 

Our aim in this section is to find the formula for ip(X) when A is a complete intersection 
in a Kahler quotient M = V//G, where G is a compact group and V is a representation of G, 
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by generalizing the argument in [161 EJ- Given a representation R of G, we can construct 
a vector bundle [R] on M = V//G whose fiber at a point is R. Let us say that X is given 
by the common zeros of sections of a vector bundle [E], where E is a representation of G. 
The elliptic genus ipEii[X](q,y) is then given by choosing 

f (x)-vT{ (i-g^oa-g"^) _, gxCiijg) (A3) 

where g = e 27Ur and y = e 2nlz , but the argument in this section applies to any genus. 
First, we use the adjunction formula 

T C M\ X = T C X(B[E}\ X (A.4) 

to write 

V{X) = / ,(T C .Y) = / S = / 

where e(- • • ) is the Euler class. We note that T C M © [q] = [V], where g is a complexified 
Lie algebra of G. Therefore 

vlxUy) ^m>^ (A . 6) 

hi vim) <P{[E\) 

The residue formula of Jeffrey and Kirwan [291 EQ], which originated from a conjecture 
by Witten [31] , in the case of a Kahler quotient of a vector space, is the general statement 
that 

where z — (zi, . . . , <2 ra nkG) takes value in the complexified Cartan subalgebra, v and w run 
over the weight vectors of the representations V and R, respectively, so that w(z) is the 
evaluation of a weight on an element of the Cartan subalgebra. \W\ is the order of the Weyl 
group of G. The repeated residue integral is taken around (z\, . . . , z r ) — on a particular 
cycle; this is called the Jeffrey-Kirwan residue. When all of the weight vectors v lie on a 
half-space and that the ambient space V//G is compact, this cycle is given as a sum over 
T' r around all unordered choices of r hyperplanes v^z) = 0, v i2 (z) = 0, . . . , v ir (z) = 0, as 
explained in |32j . 

In the following, we treat a representation R as a vector bundle whose Chern roots are 
w(z). Then we have Hd^I^) = e (^)' f° r example. 
Applying the residue formula to (IA.6j) . we obtain 

Then we have, using <f(L) = xj f(x) for x = Ci(L), 
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where v and w run over the weights of V and E, respectively. This agrees with the gauge 
theory formula for the elliptic genus we obtained in the main part of the paper, once we use 

B Eta and theta functions 

The Dedekind eta function is 

oo 

v(r) = q 1/24 U(l-q n ) (B-i) 

n=l 

where q = e 2mT and Imr > 0. We will also write rj(q). Its modular properties are 

n( T + 1) = e^ 12 n{r) , 77 ( - ^) = V^ V (r) • (B.2) 

The Jacobi theta functions are 

00 
fc=i 

00 

fe(r|«) = w 2 - + j^X 1 + jrV -1 ) > 

00 ^ (B.3) 

foM*) = " + y9*~ 1/2 )(l + 2TV~ 1/2 ) , 
fe=i 

k=l 

where q is as before and y = e 2mz . We will also use the notation 9i(q,y). 

Let us spell out some properties of the function 9\(t\z) we use in the main text. Under 
shifts of z we have 

9 1 (r\z + a + br) = (-l) a+b e -^z-i^r q^ t \ z ) ( B .4) 

for a,b G Z. Moreover 

9 1 (t\-z) = -9 1 (t\z). (B.5) 

The function 9\{t\z) has simple zeros in z at z = Z + rZ, and no poles. To compute residues 
it is useful to note that 

9' 1 (r\0) = 2n V (q) 3 (B.6) 
where the derivative is taken with respect to z. Combining with (1B.4I) . we have 

1 r 1 ( _-\\a+b p mb 2 T 

_L I du = \ 1 e — . (b.7) 

The modular properties are: 

0i(t+1|«) =e wi/4 9(r\z) , 9 X ( - = -i > T 9 1 {r\z) . (B.8) 
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C Super symmetry and actions 

Let us summarize here our conventions for the supersymmetry variations and the actions 
in Euclidean signature. For Dirac spinors we use the conventions of [33]: anticommuting 
spinors are multiplied as 

eip = i,e = e T CiP = e a C a ^ (C.l) 

where C is the charge conjugation matrix. We take C = 72 so that C 2 = 1 and C T = —C, 
in particular e^^ip = —ip'y^e. The chirality matrix is 73 = — «7i7 2 . In components 

eip = e + ip + + e~V>- = -ie + ip~ + ie~ip + , (C.2) 

hence we see how to raise and lower indices. Finally the Fierz identity for anticommuting 
fermions is 

(eAi)A 2 = -\ [A!(eA 2 ) + 7 3 Ai(e7 3 A 2 ) + 7„Ai(^A 2 )] . (C.3) 

Recall that to go to Euclidean signature we set x° = ix 2 , therefore F i = zPl 2 . Since 
the flux forms a holomorphic pair with the D-term in Lorentzian signature Dl, we define 
F Q i + iD L = i(F 12 + iD) hence D L = iD. 

Let us start discussing Af = (2, 2) supersymmetry. First we have a vector multiplet 
^(2,2) = (A" A; A, a, a, D) with variations: 

6A /i = --(e7 M A + A7 M e) 



(C.4) 



where 



5a = eP_A + AP_e 
tfo- = eP+A + AP+e 

6X = +i 1?J e F 12 -eD- iP.e [a, a] + i-fP+e D^a + i^P.e D^a 
S\ = -i 73 eP 12 -ZD- iPJZ [a, a] + i^PJZD^a + i^P+eD^a 

5D = —e-fDpX + -D^X-fe + i[ZP + X, a] - *[AP_e, a] , 



P ± = l^Jl . (C.5) 



With respect to the standard conventions, for instance of [31], we shifted D — > D + ~ [a, a] . 
Second we have a chiral multiplet $(2,2) = {"Pi 0> ^> V'j F) with variations: 



50 = Zip Sip = i^e D^tp + iP + e a<p + iP~e acp + ZF 

5<p — ipe Sip — i^eD^cp + iP-Zcpa + iP + ecpa + eF 

SF = e{yfD^ - iP.aip - iP + aip - iXcp) 
SF = eii^D^ip - iP + ipa - iP.ipa - i(p\) 



(C.6) 



The Yang-Mills Lagrangian is 



£ym — Tr 



F12 + D 2 + D^aD^a + iD[a, a] — iX^D^X — iXP + [a, A] — iXP-[a, X] , (C.7) 
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while the kinetic Lagrangian for the chiral multiplet is 

£ mat = D^D^(p + ^{aa + iD)<p + FF-i^YD^ + i^{P-a + P + a)i) + i^\<p + i<pXi) . (C.8) 

Let us now move to J\f = (0,2) supersymmetry. This is achieved by taking chiral 
parameters P_e = P_e = 0. We also define complex coordinates 

w = x 1 + ix 2 , w = x 1 — ix 2 , (C.9) 

so that 7™e = 7™e = 0. Notice also F\ 2 = —2iF wiB . In the following it will be convenient to 
write spinors in components, in particular the SUSY parameters are e + ,e + . First we have 
a chiral multiplet $ = (0, (f>, ip~ , %f)~) with variations 



5cf) = —ie+if) dip = 2i e + D^\ 

5cf) = —ie + if)~ 5if)~ = 2i e+D^ . 

Second we have a Fermi multiplet A = ip + ■, G, G) with variations 
5ifj+ = l + G + ie + E 5G = 2 e + D^ + - 

ty+ = e +G + ie+E 5G = 2 e + - e+^K 



(CIO) 



(C.ll) 



Here £{$i) = (E, E,ipg,ipg) is a chiral multiplet, holomorphic function of the fundamental 
chiral multiplets in the theory, and it is part of the definition of A. Notice that E = E((f>i) 
and its fermionic partner is ipg = Yli^i dE/dfa. Third we have a vector multiplet V = 
(A^, A + , A + , D) with variations 

5A W = §(e + A+-e+A + ) 5X + = e+(-D - %F 12 ) 5{-D - iF 12 ) = 2e + D €l X + 

5A^ = 5X + = e + (-D + iF l2 ) 5(-D + %F 12 ) = 2 e+D^ . 

(C.12) 

Comparing with (IC.lip . notice that the fields in the second and third column form a Fermi 
multiplet T = (A+, A+, -D - iF 12 , -D + iF 12 ) with 8 = 0. 

The supersymmetric action for chiral multiplets comes from the Lagrangian 



(C.13) 



= D^D^(p + i(f)D(f) + 2 if)-D w ip- - ^"A + + 0A + ^~ 
= -A^)D w D^(f) + 0(F 12 + iD)(f) + 2 i)~D w i)~ - $-\ + <f> + fX + ^~ , 

where the second equality is up to total derivatives. For Fermi multiplets we have 

£ A = -2 i) + D^ + + EE + GG + i)+i)- E - ^"^+ (C.14) 

and for vector multiplets we have 



£ T = Tr 



F( 2 + D —2 X + D^ 



(C.15) 



Up to total derivatives, this equals the Lagrangian for the Fermi multiplet T with £ = 0. 
Interactions are specified by holomorphic functions J a {(f>) of the chiral multiplets (and anti- 
holomorphic functions J a {(f)) of their partners), where a parametrizes the Fermi multiplets 
in the theory: 

' *a ' 'a 
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Their variation is a total derivative as long as 



Ea(<i>) J a (<i>) = . (C.17) 

' 'a 

All these actions are actually Q-exact. Let us define the anticommuting supercharge 
Q by using commuting spinor parameters and choosing them e + = e + = 1. The action of 
Q is then immediately read off from fIC.lOj) . (IC.llj) and flC.12j) . We then find, up to total 



derivatives: 

U = Q(2i$D w i/>- - , C A = Q(^ + G - iE^ + ) 

^=2(E>a + ^), C r = -QTr(\ + (D + tF 12 )) . 

In the reduction from (2, 2) to (0, 2) supersymmetry, the chiral multiplet $(2,2) splits into 
a chiral multiplet $ = (</>, </>, P-ip, P-^) and a Fermi multiplet A = (P + ip , P + ip , F, F) . The 
vector multiplet V(2,2) splits into a vector multiplet V, with corresponding Fermi multiplet 
T = (P+A, -P+A, —D — F12, —D + 1F12), and an adjoint chiral multiplet £ = (a, a, P_A, P_A). 
If $(2,2) is charged under V(2,2), then its Fermi component A has related chiral multiplet 
£ = £$ (where S acts in the correct representation). It is easy to check that £x + 
(where $ is taken in the adjoint representation) equals £ym, and + £a (where the 
Fermi multiplet has £ = £$) equals £ ma t- Superpotential interactions W($(2,2)) become 
interactions J a (0) = dW/d(f) a . 

Similarly, a (2, 2) twisted chiral multiplet Y(2,2) (which must be neutral) splits into a 
chiral and a Fermi multiplet. In particular the twisted chiral multiplet £(2,2) constructed 
out of V(2,2) splits into T (with £ = 0) and the chiral multiplet E. A twisted superpotential 
W(Ti(2 t 2)) becomes an interaction J T (cr) = dW/da, and a complexified Fayet-Iliopoulos 
term is simply a constant J T = j- + 
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